Abstract. We show when a homomorphism from a URM algebra into a uniform algebra or into a regular Banach algebra is weakly compact or compact. We prove that every homomorphism from URM algebras into D 1 (X) is compact. Finally, we characterize the spectra of compact endomorphisms of URM algebras defined on a connected compact Hausdorff space X.
Introduction

Let A and B be Banach algebras with maximal ideal spaces M(A) and M(B) respectively. In many cases, for a homomorphism T : A → B there exists a map ϕ : M(B) → M(A) such that T f =f
• ϕ for each f ∈ A, wheref is the Gelfand transform of f . In this case, we say T is induced by ϕ. The compact homomorphisms of certain Banach algebras have been studied before. For example, D. W. Swanton in [12] characterized compact composition operators on H ∞ (D). Also, compact endomorphisms of H ∞ (D) and H ∞ (B E ) are investigated; see [1] , [6] and [13] . Earlier S. Ohno and J. Wada [11] had found sufficient conditions on uniform algebras A and B to ensure that weakly compact homomorphisms between them are actually compact.
In the first section of this note, we study compact homomorphisms of special Banach algebras called URM algebras (Definition 1.1). These algebras include logmodular algebras. We prove that every weakly compact homomorphism from a URM algebra into a regular Banach algebra is compact. We conclude the first section by showing that every homomorphism from a URM algebra into the continuously differentiable function algebra D 1 (X) on certain compact plane sets X is compact.
In section 2 we determine the spectrum of a nonzero compact endomorphism of URM algebras. J. F. Feinstein and H. Kamowitz in [5] have shown that when T is a compact endomorphism of H ∞ (D) induced by an analytic function ψ : D → D, the derivative of ψ at its fixed point determines the spectrum of T . Here we extend this result to the URM algebras.
Compactness of homomorphisms of URM algebras
A homomorphism between Banach algebras is a bounded linear multiplicative map. Let A be a uniform algebra. As usual, the pseudohyperbolic distance ρ(m, n) for m, n ∈ M(A) is defined by
A Gleason part is said to be nontrivial if it is not a singleton. The properties of the Gleason parts can be found in [10] . The importance of Gleason parts is due to the following facts:
(i) Every Gleason part in M(A) is clopen relative to the norm topology of M(A).
(ii) The elements of A often behave like analytic functions when restricted to a Gleason part [6] , [13] .
(iii) Every Gleason part is clopen relative to the weak topology of M(A).
Definition 1.1.
A uniform algebra A on a compact Hausdorff space X is called a URM algebra, unique representing measure, if every m ∈ M(A) has a unique representing measure on X.
The notation of URM algebra is used in [6] . It is well known that every logmodular algebra is a URM algebra [10] . When A is a URM algebra, the weak and the norm topology coincide on M(A) [6] .
The maximal ideal space of a URM algebra has an interesting property, which is called analytic structure; namely, if A is a URM algebra, then every Gleason part is either trivial or an analytic disc in the sense that there exists a one-to-one continuous map from the open unit disc in C onto every nontrivial Gleason part for A. This result, which is called the Wermer-Hoffman-Lumer Theorem, with some corollaries, has been proved byÜlger [13] and reformulated in [6] 
Here we present a result on URM algebras which is an extension of Theorem 4.9 in [13] . The implication (c → b) has already been proved in [6] in a different way. 
For compactness of T , it is sufficient to show that (ĝ j ) has a convergent subsequence on each P i ∩ ϕ(X), i = 1, 2, ..., n. This is trivial when P i is a singleton. So we show this fact for any nontrivial Gleason part P i . By the Wermer-Hoffman-Lumer Theorem there is a bijection ψ Pi : P i −→ D such that it is a homeomorphism when P i is given the norm topology and
Pi ) is a bounded sequence of bounded analytic functions on D, and by Montel's Theorem it has a convergent subsequence, which we call (
is weakly compact. By [6] the weak and the norm topology coincide on M(A). Hence weak compactness of ϕ(X) implies norm compactness of it.
As an application of Theorem 3, we characterize compact endomorphisms of
. This result has already been proved in [6] .
homomorphism induced by ϕ. Then T is compact if and only if the norm closure of ϕ(D) is a norm compact subset of
). The compactness of T then follows from Theorem 3. The converse is trivial. Now it is natural to ask whether Theorem 3 remains valid if the uniform algebra is replaced by a Banach algebra in general. For answering this question we need the next theorem.
Theorem 1.5. Let A be a URM algebra and B be either a regular Banach algebra with unit or a uniform algebra. Let T : A → B be a homomorphism induced by a nonconstant function ϕ. If ϕ(M(B)) is a norm compact subset of M(A) and contained in one Gleason part
Proof. By hypothesis P is nontrivial. Let (f n ) be a bounded sequence in A obtained by Theorem 2 corresponding to the Gleason part P . By passing to a subsequence, we can assumef n •ψ −1 p (z) → z uniformly on every compact subset of D, in particular on the compact subset ψ P (ϕ(M(B))) of D.
In the case that B is a uniform algebra we have
In the case that B is regular, we must work harder. For the above sequence (f n ), we also have (f n • ψ
P is one-to-one in a neighborhood of each point of ψ P (ϕ(M(B))).
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. By norm compactness of ϕ(M(B)), ϕ is weak*-norm continuous and then ψ P •ϕ is weak* continuous. Hence U 0 is a weak* neighborhood of x 0 in M(B). For every x ∈ U 0 , we also have 
Proof. Since Gleason parts are mutually disjoint norm open sets and ϕ(M(B)) is a norm compact subset of M(A), there exist Gleason parts
P 1 , P 2 , ..., P k of A such that ϕ(M(B)) ⊆ k i=1 P i .
The norm compactness of ϕ(M(B))
implies that ϕ is weak*-norm continuous. Therefore, the X Pi 's are mutually disjoint weak*-clopen subsets of M(B). We set
where χ XP i is the characteristic function of X Pi , the first sum is taken over nontrivial Gleason parts and the other one is taken over trivial Gleason parts. By modifications of the proof of Theorem 5, one can show that:
In the case that B is a uniform algebra, by using the Shilov Idempotent Theorem, θ is the Gelfand transform of an element g ∈ B and g is the desired element.
In the case that B is regular, for each x 0 ∈ M(B) there exist a neighborhood U 0 of x 0 in M(B), an element b ∈ B and an analytic function G on a neighborhood of b(x 0 ) such that θ = G •b on U 0 . Now, Theorem 22.10 in [14] can be applied.
We are now in a position to give an affirmative answer to the previous question by showing that Theorem 3 is true for a regular Banach algebra and for the Banach function algebra D 1 (X).
Theorem 1.7. Let A be a URM algebra and B be a regular Banach algebra with unit. Let T : A −→ B be a unital homomorphism induced by ϕ. Then the following statements are equivalent: (a) ϕ(M(B)) is a norm compact subset of M(A). (b) T is compact. (c) T is weakly compact.
Proof. (a → b) By Theorem 6, there exist Gleason parts P 1 , P 2 , .., P k of A, and g ∈ B with spectrum contained in
2 otherwise, where X Pi = ϕ −1 (P i ), for i = 1, 2, ..., k. Since the X Pi 's are mutually disjoint closed sets of M(B), the Shilov Idempotent Theorem guarantees that there are a 1 , a 2 , .., a k ∈ B such that a i is the characteristic function of X Pi .
For compactness of T , suppose (g n ) is a bounded sequence in A.
Pi (g). By the Functional Calculus Theorem (a i T g n ) has a convergent subsequence. Since
(b → c) and (c → a) are similar to the proof of Theorem 3.
Corollary 1.8. Let A be a URM algebra and B be a regular Banach function algebra on a compact Hausdorff space X with
f X = f M(B) for every f ∈ B where f X = sup x∈X |f (x)|. Let T : A → B be a homomorphism induced by ϕ.
Then T is compact if and only if ϕ(X) is a norm compact subset of M(A).
Proof. Suppose T is compact. By [4, VI.
is a weak* compact subset, ϕ(X) is norm compact. Conversely, let ϕ(X) be a norm compact subset. Thus the homomorphism f → T f, from A into C(X) induced by ϕ| X is compact by Theorem 3. Let (g n ) be a bounded sequence in A.
) is norm compact, and hence T is a compact homomorphism by Theorem 7.
We now show that in Theorem 3 the uniform algebra can be replaced by a non-regular function Banach algebra.
Let X be a perfect compact plane set. A complex-valued function f is called differentiable on X if at each point z 0 ∈ X,
exists. Let D 1 (X) be the algebra of all continuously differentiable complex-valued functions on X, normed by f = f X + f X . The algebra D 1 (X) was considered by Dales and Davie [3] . In general, the normed algebra D 1 (X) is not necessarily complete. However, if the compact plane set X is a finite union of (uniformly) regular sets, then D 1 (X) is complete. In fact, for a perfect compact plane set X, the normed algebra D 1 (X) is complete if and only if for each z 0 ∈ X there exists a constant C such that for every z ∈ X and f ∈ D [3] and [7] ). Such sets include [0, 1] andD .
For the next theorem, we call a perfect connected compact plane set X good if D 1 (X) is complete. In this case, D 1 (X) is a natural Banach function algebra. We now prove another case of Theorem 3. In fact, we show that every homomorphism from a URM algebra into D 1 (X) is compact, which is an extension of Theorems 3 and 4 in [9] . The proof of the next result also shows that it is not necessary for the algebra B in Theorem 5 to be regular or uniform. Theorem 1.9. Let A be a URM algebra and X be a good set. Then every homo-
Proof. Suppose T : A → D 1 (X) is a homomorphism induced by ϕ. Since X is connected, there exists a Gleason part P such that ϕ(X) ⊆ P . If P is a singleton, T is compact since T has a one-dimensional range. Otherwise we show that
For compactness of T , let (g n ) be a bounded sequence in A. Then there exist a subsequence (g n k ) and
H. Kamowitz and S. Scheinberg in [9] have constructed an example which shows there exists a uniform algebra A and a homomorphism T of A into C 1 ([0, 1]), induced by ϕ, that is not compact. This example also shows that the condition "URM algebra"in Theorem 7 is necessary. 
Spectra of compact endomorphisms of URM algebras
In order to determine the spectrum σ(T ) of a nonzero compact endomorphism of URM algebras, we need the following results. Let P and Q be nontrivial. By the Wermer-Hoffman-Lumer Theorem, there exists a bounded sequence (f n ) in A such that f n • ψ
Q : D −→ D is continuous and also, it is a pointwise limit of a bounded sequence of analytic functions on D.
Combining Theorem 1 and the Shilov Idempotent Theorem we have the following result. 
Proof. Let 0, 1 = λ ∈ σ(T ). Since T is compact λ is an eigenvalue for T . Thus there exists f ∈ A such that T f = λf . Therefore we havê
and hencef • ψ 
